Here we study vector spaces of quadric hypersurfaces with very large automorphism group.
Introduction
Fix a field K and integers n, r such that n > 0 and 0 < r ≤ n+2 2
. Let x 0 , . . . , x n be indeterminates over K . Let V (n, 2, K) denote the vector space of all homogeneous degree 2 polynomials in the variables x 0 , . . . , x n over K and W (n, 2, K) the associated projective space, i.e. the projective space parametrizing the set of all quadric hypersurfaces of P n K . Hence dim K (V (n, 2, K)) = n+2 2
. For any non-zero linear subspace V ⊆ V (n, 2, K) let |V | denote the corresponding linear projective subspace of W (n, 2, K). Let V (n, 2, r, K) denote the set of all r-dimensional linear subspace of V (n, 2, K) and W (n, 2, r, K) the set of (r−1)-dimensional projective subspaces of W (n, 2, K). Here we study the set of all V ∈ V (n, 2, r, K) with certain extremal properties with respect to the automorphism group of the associated vector space V ⊗ KK over the algebraic closureK of K. For any V ∈ V (n, 2, K) let G(V ) denote the connected component of the stabilizer of V ⊗ KK by the natural action of GL(n + 1,K) on the Grassmannian G(r, n + 1;K) and
Example 1. Assume p = 2 and that K is perfect, i.e. that every element of K is a square. The latter assumption is satisfied if either K =K or K is finite. Let E n be the set of all unreduced quadrics 2M, with M any hyperplane of P n K . Since (au+bv) 2 = a 2 u 2 +b 2 v 2 for all a, b ∈ K and all linear forms u, v, our assumptions on K imply that E n is an n-dimensional projective space of the set of all quadric hypersurfaces of P n K . Call F n the associated (n + 1)-dimensional linear subspaces of the set of all degree 2 homogeneous polynomials in (n + 1)-variables. Obviously, G(F n ) ∼ = GL(n + 1,K) and hence (F r ) = n 2 + 2n. If K is not perfect, then the family of all v 2 , v linear form in x 0 , . . . , x n is easily seen not to be a K-vector space. Theorem 1. Fix integers n ≥ r − 1 ≥ 1 such that there is an r-dimensional linear subspace V of the set of homogeneous degree 2 forms over K in the variables x 0 , . . . , x n such that (V ) = n 2 + 2n. Then p = 2, n = r + 1 and K is perfect. Furthermore, V is the unique linear space described in Example 1.
Obviously G = GL(n + 1,K) if V is the set of all homogeous degree 2 forms in the variables x 0 , . . . , x n . Hence results similar to Theorem 1 need some restriction on the integer r: at the very least we need to assume r = n+2 2
. In the case r ≥ n + 2 we may prove the following result. Proof of Theorem 1. Fix f ∈ V \{0}. Since dim(G(V )) is the sum of the dimensions of the stabilizer of f and the orbit of f . We get r = n + 1 and {f = 0} is a double hyperplane and every orbit has dimension r + 1, i.e. there is a unique orbit. Hence V must be as in Example 1.
Proof of Theorem 2. Notice that A(a) is in the closure of A(s) for all a < s and that each A(s) is an orbit for the action of GL(n + 1,K).
Assume the existence of such a pair (r, V ). The assumption r = Proof. Fix one of the zero-dimensional orbits, Q. Since widetildeG(|V |) is contained in the stabilizer of Q, we immediately get that Q is a double hyperplane 2M. We immediately see that Q is unique and that G(|V |) is the stabilizer of M in P GL(n + 1,K). Take any A ∈ |V |\{Q}. We need to prove that A has M as one of its irreducible components. Assume that this is not true. First assume that A is irreducible. Thus rank(A|M) ≥ 2, i.e. A|M is not a double plain. Since p = 2 and the restriction of G(|V |) to M is the full projective group, we get a contradiction by Theorem 1 (case n = r − 1 = n − 1) or Theorem 2 (case n = r − 2 = n − 1). If A is reducible, but M is not an irreducible component of M, it is easy to see that the orbit G(|V |)(A) has dimension at least n + 2, contradiction.
